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ON ROOTS OF WIENER POLYNOMIALS OF TREES
DANIELLE WANG
Abstract. The Wiener polynomial of a connected graph G is the polynomial
W (G; x) =
∑D(G)
i=1 di(G)x
i where D(G) is the diameter of G, and di(G) is
the number of pairs of vertices at distance i from each other. We examine
the roots of Wiener polynomials of trees. We prove that the collection of real
Wiener roots of trees is dense in (−∞, 0], and the collection of complex Wiener
roots of trees is dense in C. We also prove that the maximum modulus among
all Wiener roots of trees of order n ≥ 31 is between 2n − 15 and 2n − 16,
and we determine the unique tree that achieves the maximum for n ≥ 31. Fi-
nally, we find trees of arbitrarily large diameter whose Wiener roots are all real.
Keywords: Graph polynomials; Wiener polynomial; Polynomial roots; Wiener
index; Distance in graphs
1. Introduction
Definition 1.1. The Wiener polynomial of a connected graph G is
W (G;x) =
D(G)∑
i=1
di(G)x
i
where D(G) denotes the diameter of G, and di(G) is the number of unordered pairs
of G with distance i. The reduced Wiener polynomial of G is
Ŵ (G;x) =W (G;x)/x.
We are concerned with the roots of this polynomial, which we call Wiener roots,
especially for trees.
Wiener polynomials were introduced in [10] and [16]. Wiener polynomials are
related to a quantity called theWiener index of a connected graph, which originated
in chemical graph theory and is defined to be the sum of the distances between all
pairs of vertices [19]. The Wiener index was originally defined for molecular graphs
and is of interest because it is closely correlated with the boiling point and several
other physical properties of the substance [8, 15, 17, 19].
It is easy to see that the Wiener index of a graph is equal to the derivative of
its Wiener polynomial evaluated at x = 1. In this paper, we exclusively study
Wiener polynomials of trees, so we remark that Wiener polynomials of trees also
arise naturally in network reliability, in the following way. Given a graph where
each edge is operational with probability p, the resilience of G is the expected
number of pairs of vertices that can communicate [1, 4]. For a tree T , notice
that the probability that two vertices u and v can communicate is exactly pd(u,v),
where d(u, v) is the distance between u and v. Thus, the resilience of T is precisely
W (T ; p).
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Several properties of graph polynomials have been successfully studied for chro-
matic [6], characteristic [14], independence [13], and reliability [2] polynomials of
graphs. Some interesting properties include the size of roots, the closure of the
collection of roots, and the realness of the roots of these polynomials. The roots of
Wiener polynomials were studied in [3]. Wiener polynomials have also been studied
in [5, 7, 18, 20].
In 2018, Brown, Mol, and Oellermann bounded the modulus of Wiener roots
of connected graphs and determine the unique graph with the maximum modulus
Wiener root [3, Theorem 2.2]. They also showed that the closure of the collection
real Wiener roots of connected graphs is the interval (−∞, 0] [3, Theorem 3.1],
and the closure of the collection of real Wiener roots of trees contains the interval
(−∞,−1] [3, Theorem 3.3]. They also prove that the collection of Wiener roots is
not contained in any half-plane of C [3, Theorem 4.3].
They authors of [3] propose the following problems.
Problem 1 ([3, Problem 5.2]). Is the closure of real Wiener roots of trees the entire
interval (−∞, 0]?.
Problem 2 ([3, Problem 5.3]). Is the closure of the collection of Wiener roots of
connected graphs (or trees) the entire complex plane?
Problem 3 ([3, Problem 5.1]). What is the tree of order n with the Wiener root
of largest modulus?
Problem 4 ([3, Problem 5.5]). Which graphs have the property that their Wiener
roots are all real? Which trees have this property?
In this paper we answer Problems 1, 2, and 3 from [3] and provide a construction
related to Problem 4.
1.1. Outline. Our main results are Theorems 1.2, 1.3, and 1.4. In Section 2, we
prove Theorem 1.2 which solves Problem 1.
Theorem 1.2. The closure of the collection of real Wiener roots of trees is (−∞, 0].
The next theorem, which we prove in Section 3, answers Problem 2.
Theorem 1.3. The collection of Wiener roots of trees is dense in C.
In Section 4, we prove Theorem 1.4 which solves Problem 3. The tree Tn is
defined in Figure 1, and we also show that the maximum modulus of its roots is
between 2n− 15 and 2n− 16 for n large.
. . .
︷ ︸︸ ︷n− 8
Figure 1. The tree Tn with maximum modulus Wiener root.
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Theorem 1.4. For n ≥ 31, the unique tree of order n with a Wiener root of
maximum modulus is Tn.
The authors of [3] mention a construction for trees of arbitrarily large diameter
with all real Wiener roots. This construction is incorrect. However, in Section 5
we show that there are indeed trees of any diameter with all real Wiener roots.
Proposition 1.5. For any D ≥ 3, there exists a tree with diameter D whose
Wiener polynomial has all real roots.
Finally, in Section 6, we present a number of open problems.
2. Density of real Wiener roots
In this section we prove Theorem 1.2.
Theorem 1.2. The closure of the collection of real Wiener roots of trees is (−∞, 0].
Proof. By [3, Theorem 3.3], the closure contains (−∞,−1], so we just need to show
that it also contains [−1, 0].
Consider the tree Tk,n given by Figure 2. Let Wk,n denote the reduced Wiener
. . .︸ ︷︷ ︸
k edges
...
n
Figure 2. The tree Tk,n.
polynomial of Tk,n.
We have for k ≥ 1
W (k, n, x) :=Wk,n(x) = (k + n) +
(
n2+n
2 + k − 1
)
x+ (n+ k − 2)x2 + · · ·+ nxk
= (x2 )n
2 + (1 + x2 + x
2 + · · ·+ xk)n+ (k + (k − 1)x+ · · ·+ xk−1).
Observe that this is a polynomial in n and can hence be defined for all real numbers
n. Let
n(x, k) =
−R−√R2 − 2xS
x
,
where R = 1 + x2 + x
2 + · · · + xk and S = k + (k − 1)x + · · · + xk−1, so that
W (k, n(x, k), x) = 0.
We are concerned with values of x in (−1, 0), in which case
0 < R =
xk+1 − 1
x− 1 −
x
2
<
2
1− x −
x
2
=: C0(x)
and
S =
k
1− x +
xk+1 − x
(1 − x)2 > 0.
In particular, n(x, k) ∈ R>0 for all k ∈ Z>0, x ∈ (−1, 0).
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Let n′(x, k) =
√
kf(x) where f(x) = − 1
x
√
2x
x−1 . We will show that for any δ > 0,
there exists Nx,δ such that
k > Nx,δ =⇒ |n(x, k)− n′(x, k)| < δ − C0(x)
x
.
We have
|n(x, k)− n′(x, k)| ≤ −R
x
−
∣∣∣−√R2 − 2xS +√ 2kxx−1 ∣∣∣
x
≤ −C0(x)
x
− 1
x
(√
2kx
x− 1 +
2x2(1− xk)
(1− x)2 +R
2 −
√
2kx
x− 1
)
≤ −C0(x)
x
− 1
x
(C0(x)
2 + 4x2)
√
x− 1
2
√
2kx
.
(The last inequality comes from the fact that
√
a+ b−√a < b/(2√a).) It is clear
that if k is large enough, the second term is less than δ. Fix δ = 1.
Let ǫ > 0 with x + ǫ < 0 We necessarily have f(x) 6= f(x + ǫ), so for k >
Nx,δ, Nx+ǫ,δ large enough, we have
|n′(x, k)− n′(x + ǫ, k)| =
√
k(f(x)− f(x+ ǫ))
> 1 +
(
δ − C0(x)
x
)
+
(
δ − C0(x+ ǫ)
x+ ǫ
)
.
This implies that |n(x, k)− n(x+ ǫ, k)| > 1. Since n(x, k) is a continuous function
in x ∈ (−1, 0) for fixed k, there exists 0 < ǫ0 < ǫ such that n(x+ ǫ0, k) is a positive
integer. Then x+ ǫ0 is a Wiener root of Tk,n(x+ǫ0,k). Since this holds for arbitrarily
small ǫ, x is in the closure of the collection of real Wiener roots of trees. 
3. Density of complex Wiener roots
In this section we prove Theorem 1.3.
Theorem 1.3. The collection of Wiener roots of trees is dense in C.
Proof. Let k, n ∈ Z>0, and let a be a sequence a1, . . . , an of positive integers. Let
T = Ta,k,n be the graph shown in Figure 3. For a positive integer c, let ca denote
the sequence ca1, . . . , can. Let Wa,k,n denote the reduced Wiener polynomial of
Ta,k,n.
a1
a2
an ︸ ︷︷ ︸
k edges
Figure 3. The tree Ta,k,n.
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We have D(T ) = 2k + 2,
d2k+2(T ) =
∑
i6=j
aiaj, d2(T ) =
n∑
i=1
a2i
2
+ ℓ2(a, k, n),
and for i 6= 2, 2k+ 2 we have di(T ) = ℓi(a, k, n), where the functions ℓi(a, k, n) are
linear in the ai.
Let Ma,k,n =
Wa,k,n
d2k+2(T )
and R(a) =
∑
a2
i
2
∑
i6=j aiaj
. Then
Ma,k,n(x) = x
2k+1 +
ℓ2k(a, k, n)∑
aiaj
x2k + · · ·+
(
R(a) +
ℓ2(a, k, n)∑
aiaj
)
x+
ℓ1(a, k, n)∑
aiaj
.
Since the ℓi are linear, we see that the sequence of polynomials Mca,k,n for c =
1, 2, . . . approaches the polynomial x2k+1 + R(a)x under the norm ‖cmxm + · · ·+
c0‖ = max0≤i≤m |ci|.
For fixed n, it is straightforward to show that the values R(a) can take are dense
in [ 1
n−1 ,∞) (the minimum is achieved when all the ai are equal), so the values R(a)
can take are dense in [0,∞) as n and a vary. It is also straightforward to show that
the roots of x2k + r for k ∈ Z>0, r ∈ R>0 are dense in C. Thus, by continuity of
roots (see for example [9]) the roots of Ma,k,n(x), which are the Wiener roots of
Ta,k,n are dense in C as a, k, n vary. 
4. Maximum modulus Wiener root of trees
Let Tn be the tree shown in Figure 4, and let Wn be the reduced Wiener poly-
nomial of Tn. In this section, we show that for n ≥ 31, the unique tree of order n
with the Wiener root of largest modulus is Tn.
. . .
︷ ︸︸ ︷n− 8
Figure 4. The tree Tn with maximum modulus Wiener root.
Lemma 4.1. For n ≥ 10, the tree Tn has a real Wiener root −(2n − 15) < r <
−(2n− 16).
Proof. We calculate
Wn(x) = (n−1)+
(
n2 − 15n+ 70
2
)
x+(2n−10)x2+(2n−11)x3+(2n−14)x4+x5.
Thus,
Wn(−(2n− 16)) = 16n4 − 545n3 + 6959n2 − 39485n+ 84015 > 0
for n ≥ 10. Also,
Wn(−(2n− 15)) = −25n3 + 1165n
2
2
− 9063n
2
+ 11774 < 0
for n ≥ 9. This implies that Wn has a root −(2n− 15) < r < −(2n− 16). 
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As in [3], we will use the following theorem to bound the roots of polynomials.
Theorem 4.2 (Enestro¨m–Kakeya [11]). If f(x) = a0+a1x+· · ·+anxn has positive
real coefficients, then all complex roots of f lie in the annulus
r ≤ |z| ≤ R
where r = min
{
ai
ai+1
: 0 ≤ i ≤ n− 1
}
and R = max
{
ai
ai+1
: 0 ≤ i ≤ n− 1
}
.
Definition 4.3. We say that a tree is bad if it is equal either to Tn or one of the
trees T ′n or T
′′
n in Figure 5 or 6, and it is good otherwise.
. . .
︷ ︸︸ ︷n− 9
Figure 5. Bad tree T ′n with diameter 6.
. . .
︷ ︸︸ ︷n− 5
Figure 6. Bad tree T ′′n with diameter 4.
Lemma 4.4 follows from the proof of [3, Lemma 2.3]. We will modify this proof
to show Lemma 4.5.
Lemma 4.4. Let T be a tree with diameter D, let v be a leaf on a diametral path
of T , and let T ′ = T − v. Let 2 ≤ k < D(T ′). Then
dk(T )
dk+1(T )
≤ max
{
dk(T
′)
dk+1(T ′)
, n−D
}
.
Furthermore, if T has a unique diametral path between leaves u and v, then every
path of length D − 1 contains exactly one of u and v.
Proof. Let u be the neighbor of v in T , and let dℓ(T
′, u) denote the number of
paths of length ℓ ≥ 1 in T ′ that have u has an end-vertex. Note that u is on a path
of length D − 1 in T ′, so there are at most n − 1 − (D − 1) = n − D vertices at
distance ℓ from u in T ′ for 1 ≤ ℓ ≤ D− 1. Thus we have 1 ≤ dℓ(T ′, u) ≤ n−D for
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1 ≤ ℓ ≤ D − 1. Let s = max
{
dk(T
′)
dk+1(T ′)
, n−D
}
. Then for 2 ≤ k < D(T ′),
dk(T ) = dk(T
′) + dk−1(T ′, u)
≤ sdk+1(T ′) + dk−1(T ′, u)
= s[dk+1(T )− dk(T ′, u)] + dk−1(T ′, u)
= sdk+1(T )− sdk(T ′, u) + dk−1(T ′, u)
≤ sdk+1(T )− s+ n−D
≤ sdk+1(T ).
For the second statement, suppose the path between two vertices x and y has length
D−1. Let P denote the path between u and v. Let the shortest paths from x and y
to P meet P at wx and wy respectively, and without loss of generality, suppose that
u, wx, wy , v lie in that order on the path P . Then by the assumption that P is the
unique diametral path, we must have d(x,wx) < d(u,wx) and d(y, wy) < d(v, wy).
But then d(x, y) ≤ d(u, v)− 2 = D − 2, a contradiction. 
Lemma 4.5. If T is a good tree of order n ≥ 3 and diameter D, then
dk(T )
dk+1(T )
≤ max
{
3n− 1
2
, 2n− 16
}
for 1 ≤ k < D. If T is a bad tree with diameter 6, then
dk(T )
dk+1(T )
≤ max
{
3n− 1
2
, 2n− 14
}
.
Proof. We induct on n. The case n = 3 is clear. Let T be a tree of order n > 3
and assume that the lemma holds for all trees with n − 1 vertices. Note that
d1
d2
< 2 < 3n−12 , so assume k ≥ 2. Note that we will always have
max
{
3(n− 1)− 1
2
, 2(n− 1)− 16
}
≥ n−D.
If T contains at least 2 diametral paths, then there exists a leaf v on a diametral
path such that T ′ = T − v has diameter D. If T ′ is good or bad with diameter 6,
then Lemma 4.4 and the above inequality shows that
dk(T )
dk+1(T )
≤ max
{
3n− 4
2
, 2(n− 1)− 14
}
for 2 ≤ k < D, so we are done. If T ′ is bad with diameter 4, then there are only
two possibilities for T (it is equal to T ′′n with a leaf attached either at one of the
second-to-last vertices on the path of length 4, or at one of the n− 5 leaves), and
we can check directly that they have Wiener polynomials
(n− 1)x+ (n2−9n+282 )x2 + (3n− 15)x3 + 2x4
and
(n− 1)x+ (n2−9n+262 )x2 + (3n− 15)x3 + 3x4.
It is easy to check that these coefficients satisfy dk(T )
dk+1(T )
≤ 3n−12 .
Now suppose T contains exactly 1 diametral path, and let u and v be its end-
points. Then T ′ = T − v has diameter D− 1. If T ′ is bad with diameter 4, then T
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must be equal to T ′′n−1 with a leaf attached to one of the endpoints of the path of
length 4, and it has Wiener polynomial
(n− 1)x+ (n2−9n+262 )x2 + (2n− 9)x3 + (n− 4)x4 + x5.
It is straightforward to show that this polynomial satisfies the condition.
If T ′ is good or bad with diameter 6, then by the same argument as above,
dk(T )
dk+1(T )
≤ max
{
3n− 4
2
, 2(n− 1)− 14
}
for 2 ≤ k < D − 1.
Thus, we only need to show that dD−1(T ) ≤ max{ 3n−12 , 2n− 16} if T is a good
tree with a unique diametral path, and that dD−1(T ) ≤ 2n − 14 if T is a bad
tree with diameter 6. The second statement can be checked directly, since we have
dD−1(Tn) = 2n − 14 and dD−1(T ′n) = 2n − 15. For the first, note that if T has
diameter 2 or 3 and has a unique diametral path, then it is a path and it is easy
to check that T satisfies the condition. If T has diameter 4 and a unique diametral
path, then it is bad. Thus, we can assume that D(T ) > 4.
Let a be the number of vertices of T (other than u and v) which are endpoints of
two paths of length D− 1, and let b be the number of vertices which are endpoints
of 1 path of length D − 1. We have a+ b ≤ n−D + 1, since D − 1 of the vertices
on the path from u to v are not counted at all, and b ≥ 2, since two vertices
on the path from u to v are endpoints of exactly 1 path of length D − 1. Thus,
dD−1(T ) = 2a+ b ≤ 2(n−D), so we can assume 5 ≤ D ≤ 7.
If D is odd, we must have a = 0 since every path of length D−1 must contain ex-
actly one of u and v, yet for any vertex x, d(u, x) 6= d(v, x) by parity considerations.
Thus, 2a+ b ≤ n−D + 1 ≤ 3n−12 .
Thus, the only remaining case is D = 6. If a = 0 we are done, so assume
a ≥ 1. If a vertex x has distance 5 from both u and v, then x must be a leaf
whose neighbor y has distance 4 from both u and v. Then a + b ≤ n − 6 so
2a + b ≤ 2(n − 8) + 2 = 2n − 14. The only way we can have 2a + b = 2n − 14 is
if a = n− 8. This means that every other vertex must be a leaf adjacent to y, but
then T = Tn is bad. The only way we can have 2a+ b = 2n − 15 is if a = n − 9,
b = 3. But then T = T ′n, so it is bad. Thus, 2a+ b ≤ 2n− 16. 
Lemma 4.6. For n ≥ 10, the tree T ′′n does not have a Wiener root with modulus
greater than
(
1 + 1√
2
)
n− 7.
Proof. The reduced Wiener polynomial of T ′′n is (n − 1) + (n
2−7n+16
2 )x + (2n −
8)x2+ x3. The discriminant of this cubic is greater than 0 for n ≥ 10. Thus, it has
3 real, negative roots which sum to −(2n− 8). By [3, Thoerem 2.6], it has one root
−
(
1 + 1√
2
)
n + 7 < r < −
(
1 + 1√
2
)
n + 8. Therefore r and the other roots each
have modulus at most 2n− 8−
(
1 + 1√
2
)
n+ 8 <
(
1 + 1√
2
)
n− 7 for n ≥ 10. 
Lemma 4.7. For n ≥ 31, the tree T ′n does not have a Wiener root with modulus
greater than 2n− 16.
Proof. Let W (x) denote the reduced Wiener polynomial of T ′n. We have
W (x) = (n− 1) +
(
n2−17n+90
2
)
x+ (2n− 9)x2 + (3n− 21)x3 + (2n− 15)x4 + x5.
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We find W (−(2n− 17)) > 0 for n ≥ 13 and W (−(2n− 16)) < 0 for n ≥ 9. Thus,
T ′n has a Wiener root r with −(2n− 16) < r < −(2n− 17) for n ≥ 31.
Then W (x) factors as
W (x) = (x− r)
(
x4 + (2n− 15 + r)x3 + (r(2n− 15 + r) + 3n− 21)x2
+
(
−n
2 − 17n+ 90
2r
− n− 1
r2
)
x+
(
−n− 1
r
))
.
Note that |2n− 15 + r| < 2, so |r(2n− 15 + r) + 3n− 21| < n− 4. Also, it is easy
to show that
∣∣∣−n2−17n+902r − n−1r2 ∣∣∣ < n4 and ∣∣−n−1r ∣∣ < 1. Suppose that the second
factor has a root y with modulus greater than 2n− 16 ≥ 46. Since for n ≥ 31 we
have n− 4 < 2n− 16 < |y| and n4 < (2n− 16)2 < |y|2, we obtain
|y|4 ≤ 2|y|3 + (n− 4)|y|2 + n
4
|y|+ 1
≤ 2|y|
4
46
+
|y|4
46
+
|y|4
46
+
|y|4
46
< |y|4,
a contradiction. 
Theorem 1.4. For n ≥ 31, the unique tree of order n with a Wiener root of
maximum modulus is Tn.
Proof. For n ≥ 31 we have 2n− 16 ≥ 3n−12 and 2n− 16 >
(
1 + 1√
2
)
n− 7. Thus,
by Enestro¨m–Kakeya and Lemma 4.5, if T is good, then it does not have a Wiener
root of modulus greater than 2n− 16. By Lemmas 4.6 and 4.7, if T is bad and not
equal to Tn, then it does not have a Wiener root of modulus greater than 2n− 16
either. Thus by Lemma 4.1, Tn is the only tree with a Wiener root of modulus
greater than 2n− 16. 
5. Trees with all real Wiener roots
In this section we provide a construction for trees with arbitrarily large diameter
and all real Wiener roots. In [3], Brown, Mol, and Oellermann give a construction
which is incorrect (the claim that W (T1;x) = (x + 1)
2W (T0;x), where T1 is the
tree obtained by adding a leaf to each of the vertices of T0, is false).
Theorem 5.1 ([12, Theorem 1]). Let P be a polynomial of degree n ≥ 2 with
positive coefficients. If
a2i − 4ai−1ai+1 > 0, i = 1, 2, . . . , n− 1,
then all the roots of P are real and distinct.
Proposition 1.5. For any D ≥ 3, there exists a tree with diameter D whose
Wiener polynomial has all real roots.
Proof. Let t > 4D2 be an integer, and for 1 ≤ i ≤ D − 1, let ai = t−
i(i−1)
2 , so
a2i = tai−1ai+1 for 2 ≤ i ≤ D − 2. Consider the tree T in Figure 7, where n is
sufficiently divisible by powers of t.
We have d1(T ) = ℓ1(n), and di(T ) = cin
2 + ℓi(n), where
ci = a1ai−1 + a2ai + · · ·+ aD−i+1aD−1
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. . . ...
aD−1n...
a1n
. . . . . .︸ ︷︷ ︸
a2n
︸ ︷︷ ︸
aD−2n
Figure 7. The tree T with all real roots.
for 2 ≤ i ≤ D, and the ℓi(n) are linear functions in n for 1 ≤ i ≤ D − 1. Note that
ai−1 = a1ai−1 < ci < Da1ai−1 = Dai−1.
So
c2i > a
2
i−1 = tai−2ai >
t
D2
ci−1ci+1 > 4ci−1ci+1,
for 3 ≤ i ≤ D − 2. Thus, for 2 ≤ i ≤ D − 2, d2i (T )− 4di−1(T )di+1(T ) is a quartic
polynomial in n with positive leading coefficient, so for n a sufficiently large multiple
of t
(D−1)(D−2)
2 , the coefficients of Ŵ (T ;x) satisfy the condition in Theorem 5.1, and
thus T has all real Wiener roots. 
6. Open problems
We discuss some open problems and conjectures. First, we have not resolved
Problems 5.4 and 5.5 from [3].
Problem 4 ([3, Problem 5.5]). Which graphs have the property that their Wiener
roots are all real? Which trees have this property?
Problem 5. ([3, Problem 5.4]) Which connected graph (or tree) of order n has a
Wiener root of (i) largest real part and (ii) of largest imaginary part? What are
the rates of growth, as a function of n, of these parameters?
Note that our proof of Proposition 1.5 does not tell us anything about the roots
other than that they are real, and it also requires n to be very large. We propose
the following questions, which we think may be interesting.
Problem 6. For fixed D, what is the smallest connected graph (or tree) with
diameter D and all real Wiener roots?
For D = 2, 3, 4, 5, the smallest trees with diameter D and all real Wiener roots
have sizes 3, 7, 10, 15 respectively.
Problem 7. Do there exist connected graphs (or trees) with arbitrarily large diam-
eter whose Wiener roots are all rational?
Problem 8. Which connected graphs (or trees) have Wiener polynomials with a
double root? Are there trees with a repeated Wiener root other than −1?
We note that there are 2 trees of order 9 and 54 trees of order 16 with Wiener
polynomials divisible by (x + 1)2. However, it is not true for such trees T that
W (T ;x)/(x + 1)2 is necessarily the Wiener polynomial of any graph (it may have
negative coefficients). There are no trees of order n ≤ 16 with a repeated Wiener
root not equal to −1. We also do not know of a general construction for trees with
−1 as a double root.
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Calculations suggest the following conjecture, which may answer part of [3, Prob-
lem 5.4].
Conjecture 6.1. For n ≥ 9, the tree with order n with a Wiener root of largest
imaginary part is the tree T˜n shown in Figure 8. It appears that this tree has a
Wiener root whose real part approaches −1/2 and imaginary part which approaches
c
√
n asymptotically for some constant c.
. . .
︷ ︸︸ ︷n− 7
Figure 8. The tree T˜n with maximum imaginary part Wiener
root, for 9 ≤ n ≤ 18.
The fact that T˜n has the Wiener root with maximum imaginary part has been
verified for 9 ≤ n ≤ 18.
Remark 6.2. Finally, we have not found the tree of order n with maximum modu-
lus Wiener root for n ≤ 31, but we suspect that it is always either Tn or T ′′n (Brown,
Mol, and Oellermann verified that it is T ′′n for n ≤ 17).
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